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Modelling 

2 Complex models 

 

1 Conceptual models 
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Approach 1 (conceptual models): 

•  Simple conceptual models 
e.g., SLIP (Spring loaded Inverted 
Pendulum) 

•  Locomotion sub-functions 
-  Bouncing 

-  Balancing  

-  Swinging 

•  Distributed control  

•  Developing controllers 
inspired from biology 

Balance 

Swing 

Bounce 

Is locomotion simple? 
1218 R. BLICKHAN 

described. The subdivision between these two phases, 
or the hopping pattern, can be characterized by sev- 
eral variables, including the specific vertical force. 
From three given parameters, such as body mass, 
hopping frequency, and contact time, all remaining 
parameters characterizing human hopping in place 
can be estimated. Physiological constraints result in a 
narrow frequency region where hopping is possible. 
The preferred hopping frequency is the most econo- 
mical one. 

With the introduction of forward speed the state of 
the spring-mass system is characterized by five inde- 
pendent variables and the length of the spring and 
centrifugal forces become relevant. The model pre- 
dicts that contact length becomes maximal for the flat 
landing angles chosen by animals during running and 
hopping. For landing angles between 5 and 25 degrees 
the peak vertical ground reaction force and the total 
vertical displacement can be predicted from contact 
time and step frequency. The vertical displacements 
during running are lower than those during hopping, 
i.e. running results in a smoother ride. Nevertheless, 
the model predicts that the sum of the energy fluctu- 
ations over a given distance is similar for runners and 
for hoppers, in agreement with measurements carried 
out on animals of various size. 

DISPL #ACEMEN 

HOPPING AT ZERO SPEED 

The seemingly artificial situation of hopping in 
place, i.e. at zero speed, can be taken as a model for 
bouncing gaits in animals (Farley et al., 1985). Even 
during hopping in place a man prefers the same 
hopping frequency as used by a kangaroo of similar 
size and the same frequency that an antelope of similar 
bodymass prefers as stride frequency during galloping. 

The simplest hopping model possible, a one-dimen- 
sional spring-mass system (Fig. l), correctly predicts 
the interdependence and magnitude of all major 
mechanical parameters. 

Fig. 1. Spring-mass model, a point mass attached to amass- 
less spring. The hopping period (T) is subdivided into two 
phases, a contact phase (t,) and an aerial phase (t,). A 
sinusoidal displacement during contact time is followed by a 
parabolic flight phase. Due to the linear stiffness of the spring 
the time course of the force is also sinusoidal with the weight 
of the system as equilibrium value. The length of the Right 
phase determines the landing or take off velocity (j,). The 
maximum velocity is reached after landing when the force 

The constants a and b are determined by boundary 
conditions. A necessary condition for hopping is that 
the spring force (F cc y) exerted at the moment of 
touch-down (t = 0) is 0: 

Description of the spring-mass model 

The mathematics of a simple spring-mass system 
defines the relevant variables and points to the as- 
sumptions involved. 

Assuming a linear spring (i.e. deflection propor- 

y(t = 0) = 0, thus b = -g/w’. 

The remaining factor (a) can be related to the landing 
velocity (y,): 

J;(t = 0) = i,, thus a = ja/w. 

The resulting solution is: 

y = 3Jwsinwt -gg/w2cosot +g/w2 (3) 

tional to applied force) the following equation des- 
cribes the motion of the mass during ground contact: 

or 

mj + ky = mg, (1) 

where m is body mass, y is vertical deflection, k is 
stiffness and g is gravitational acceleration. 

The general solution of this equation consists of a 
linear combination of the solution of the homo- 
geneous differential equation and a special solution of 
the inhomogeneous equation: 

y = asinwt + bcoswt + g/w2, (2) 

with co2 = k/m; w is natural frequency. 

SPRING- 
MASS 
SYSTEM 

FORCE 

*c *a 
TIME 

equals body weight (t,: contact time). 

y = j,(m/k)‘/‘sin wt - gmlkcoswt + gmjk. (3a) 

From this, the force during stance (F) can be calcu- 
lated as: 

F = j,(km)1’2sinwt -gmcosot + gm. (3b) 

At midstance (t = tJ2; t, is contact time), the spring 
is deflected to its maximum and the velocity of the 
center of mass is zero (j(t = tJ2) = 0): 

j,cos(wt,/2) + g/wsin(wt,/2) = 0, 

thus tan(wtJ2) = --jaw/g. (4) 
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Bouncing (axial leg function) 
[Geyer et al. (2006) Proc Roy Soc Lond B] 
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Walking with 
Bipedal SLIP 

(BSLIP)

Running with 
SLIP model
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Swing leg adjustment  
[Sharbafi et al. IROS 2012] 

Raibert Peuker VBLA 
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Roly Poly Toy 
Virtual Pendulum (VP) 

Concept 

Virtual 
Pivot Point 

(VPP) 

CoM 

VPP 

Virtual 
Pendulum 

[Maus et al., Nat. Comm, 2010] 

VPP Concept 
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Physical implementation of VPP 

VPPr

Postural control with VPP 

 

 

 

How can we physically implement VPP ? 

Compliant hip 
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Muscle reflex control of balance 

•  Hill muscle model (1938) 

•  Geyer et al. 2003: Positive force feedback 
(PFF) for activaion 

•  Günther et al. 2010: adjust muscle damping



 

FMCH (Force Modulated Compliant Hip) 

è Our method:  
      adjust muscle stiffness based on leg force 

FM = A(t)FlFvFISO
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Duality of VPP and FMCH 

Mapping: ),(),( 0ψγ crVPP →

)( 0ψψτ −= sFMCH cF

ψψ ʹ′=
+

= 0,
rl
lrc

ll
r
rVPP ≈≈ʹ′⇒< ,20 γ

ψγ !

FMCHVPP ττψ ≈⇒< !30

Assume: 

Approximations: 

r
r

rl
rlc VPPγψ =
+

=⇒ 0,

FMCH VPPC 
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Torque-angle relation in running  
(BioRob 2014) 

FMCH 
can mimic 
VPP ! 

Combinations  
of springs 

Combinations of 
linear springs 
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Simulation results in walking 
(IROS2015 submitted) 
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Experimental validation 
(IROS2015 submitted) 
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Project 1 

Implementing a neuro-muscular model based on FMCH concept 
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Approach 2 (complex models) 
Hybrid zero dynamics 

•  Model explanations: 
x = [q, !q]Tq = [q1,q2,q3,q4,q5 ]

T
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•  Control design 
-  Output definition 
-  Feedback linearization 

 
-  PD controller 

y = h(q)

Hybrid 
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Output definition and stability 

•  Output definition óvirtual constraints (VC) 
-  VC relate states to each other  

•  Leg angle      as the leader  

•  Stability:  
-  eigenvalue of Poincare map 

-  1d (underactuated DOF) instead of 10d   

2) Virtual Constraint from human experiment: In order
to define the virtual constraints, the outputs (of dimension
4) should be determined as functions of the angles and a
monotonically increasing variable q(q). Similar to [21], we
select the first four angles [q1 .. q4] and also q(q) := y , the
leg angle shown in Fig. 1, for output definition.

y =

2

664

y1
y2
y3
y4

3

775 :=

2

664

q1
q2
q3
q4

3

775�

2

664

h1(y)
h2(y)
h3(y)
h4(y)

3

775 (5)

where hi(y) is a function of the leg angle (for i 2 [1,2,3,4]).
In [21], it is shown that with these output definition, virtual
constraints can be found to simplify zero dynamics com-
putations. The only remained step in designing the HZD
controller is defining the desired evolution of the angles
with appropriate functions h1(y) to h4(y). We extract these
functions from experimental data by fitting a 5 degrees
polynomial of the leg angle to each joint angle qi. It means
that, we employ walking data to define the virtual constraints
between the joint angles and the leg angle. This is the main
difference of this paper with the previous studies which
can reproduce the human walking patterns in a closed loop
manner.

C. Experimental data
The data was collected in walking experiments on a

treadmill (type ADAL-WR, Hef Tecmachine, Andrezieux
Boutheon, France) at different speeds. Motion capture data
(Qualisys, Gothenburg, Sweden) from 11 markers and
ground reaction force data (12 piezo-electric force trans-
ducers within the treadmill) were collected. Twenty one
subjects (11 female, 10 male) were asked to walk at different
percentages of their preferred transition speed (PTS)3. The
treadmill speed which equals the average velocity during
strides was employed as the walking speed. The subjects
were between 22 to 28 years old with 1.73± 0.09m height
and 70.9±11.7kg weight.

D. Finding VPP location
VPP (virtual pivot point) is a point where the ground

reaction forces intersect in the coordinate system centered at
CoM and with the body orientation as the vertical axis. This
property, observed in human/animal locomotion [8], may be
considered as a target for control or an index to evaluate the
similarity of the control strategy to that of humans/animals.
Thus, for every control approach, existence of the VPP which
may convert the locomotion from inverted pendulum motion
to a regular virtual pendulum (VP) can be investigated.
VPP is defined in [8] as “the single point at which the
total transferred angular momentum remains constant and the
sum-of-squares difference to the original angular momentum
over time is minimal, if the GRF is applied at exactly this
point”. In this paper, the VPP is found using the calculations
described in [26]. For every control approach, the existence

3PTS is the preferred speed for transition between running and walking
which is typically about 1.9 � 2.1 m/s for humans [20] .
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Fig. 2: The relation between the joint angles and the leg
angle during one step. The blue line is the angles of the
human experiment and the red dashed line is the 5 degree
polynomial fitted to the data.

of a VPP is given when the ground reaction forces intersect
at a point above the center of mass.

III. RESULTS AND DISCUSSION

In this section, a 5-link model is simulated based on the
average values of human body parameters extracted from the
walking experiment (see Table I). Similar to the experiments,
5 different gait speeds from 25%PT S to 125%PT S are
simulated. As the preferred walking speed is about 75%PT S,
first, we show the simulation results for this speed. The
results and the design procedure are similar for the other
speeds. Then, the human walking experiment results are
compared to the simulated model for 5 different speeds. In
that respect, existence of VPP and the relation between its
position and gait speed are investigated. Finally, the same
virtual constraints are utilized for different sets of body
parameters to evaluate the robustness.

A. HZD controller design
In this section, we describe the HZD controller design

and the results of walking with 75%PTS. The first step in
designing the controller is defining the virtual constraints.
We utilize the leg and joint angles (y and q1 to q4)
mean values of 21 different subjects’ walking steps, as the
references for computing the virtual constraints. As can be
seen in Fig. 2, the joint angles are perfectly approximated
with 5 degree polynomial functions of the leg angle. Unlike
[12] which approximates the states as functions of time and
then approximate time from hip position and velocity, we
use the leg angle directly to coordinate the joints internally.
Therefore, the joint angles can be synchronized by the leg
angle which makes the controller time-invariant and robust
against perturbation and parameter changes. Although these
functions are extracted from human walking experiments
with body characteristics presented in Table I, later, we

CONFIDENTIAL. Limited circulation. For review only.

Preprint submitted to 2015 IEEE International Conference
on Robotics and Automation. Received October 1, 2014.

y = 0→ qi = hi (ψ), i =1..4

(ψ)
y = h(q)
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Mimicking human walking 

•  Extract desired joint movement 
from experimental data 

•  Design virtual constraints  

•  Develop HZD controller 
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Virtual constraints from human 
walking experiment 

18 

FITTED 

EXP 

hip 

knee 
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Mimicking human walking with HZD 
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Kinematic behaviour:  
simulation vs. experiment 

knee 

hip 

leg 
MOD 

EXP 



November 11, 2015 |  11 

18.6.2015  |  3^M Seminar| Darmstadt, Germany      21 
 

Kinetic behaviour:  
simulation vs. experiment 

EXP 

MOD 
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Project   2 

Addition of foot to the model => More phases 
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Thank you for your 
attention! 
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Tracking 

24 

hip 

knee 

Real 

Ref 



November 11, 2015 |  13 

18.6.2015  |  3^M Seminar| Darmstadt, Germany      25 
 

Approach 2 (complex models) 
Hybrid zero dynamics 

𝑥↓1  

𝑥↓𝑛  

𝑥↓2  

𝒮  
Hyper surface 

Δ 

Periodic gait 

𝑥 =[█■𝑞 @𝐷↑−1 (𝑞)[−𝐶(𝑞, 𝑞 )𝑞 −𝐺(𝑞)+𝐵(𝑞)𝑢 ]≔𝑓(𝑥)
+𝑔(𝑥)𝑢 

𝐷(𝑞)𝑞 +𝐶(𝑞, 𝑞 )𝑞 +𝐺(𝑞)=𝐵(𝑞)𝑢 

𝛥(𝑥↑− )=[█■𝛥↓𝑞 𝑞↑−  𝛥 ↓𝑞  (𝑞↑− )𝑞 ↑−  ] 

𝛴:{█■𝑥 =𝑓(𝑥)+𝑔(𝑥)𝑢&𝑥↑− ∉𝒮@𝑥↑+ =𝛥(𝑥↑− )                        &𝑥↑− ∈𝒮   

𝒮≔{(𝑞, 𝑞 )∈𝒯𝒬|   𝑝↓2↑𝑣 =0,𝑝↓2↑ℎ >0} 

𝒮  
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Kinetic behaviour:  
simulation vs. experiment 

26 

VPP: HZD model predictions and exp. data VPP: experimental data 

EXP 

MOD 

0.5m/s 1m/s 1.5m/s 2m/s 2.5m/s 


